We investigate the existence of twin iterative solutions for a fractional p-Laplacian equation with nonlocal boundary conditions. Using the monotone iterative technique, we establish a new existence result on the maximal and minimal solutions under suitable nonlinear growth conditions. We also consider some interesting particular cases and give an example to illustrate our main results.
Introduction
In this paper, we are concerned with the existence of twin iterative solutions for the following nonlocal fractional differential equation with a p-Laplacian operator: = . It is well known that the p-Laplacian equation can describe a fundamental mechanics problem arising from turbulent flow in a porous medium; see [] . Based on this background, some interesting results relative to the equation (ϕ p (x (t))) = f (t, x(t)) subject to certain boundary value conditions have been obtained in [-] and references therein. On the other hand, fractional calculus has been greatly developed in recent years. In particular, fractional-order models have been proved to be more accurate than integer-order models for the description of many physical phenomena with long memory, such as viscoelasticity, electrochemistry control, porous media, electromagnetic, polymer rheology, and some hereditary properties of various materials and processes (for the reseach of fractional models and relative problems, we refer readers to [-] 
[] considered the following fractional-order model for turbulent flow in a porous medium:
where
A is a function of bounded variation, and dA can be a signed measure. In the case where the nonlinearity f (u, v) may be singular at both u =  and v = , the uniqueness of a positive solution for a fractional model of turbulent flow in a porous medium was established via the fixed point theorem of the mixed monotone operator.
Motivated by the mentioned works, in this paper, we consider the twin iterative solutions of fractional-order model for turbulent flow in a porous medium. Differently from the mentioned works, we not only obtain the minimal and maximal solutions of the nonlocal boundary value problem of the fractional p-Laplacian equation (.), but we also derive estimates of the lower and upper bounds of the extremal solutions and construct a convergent iterative scheme for finding these solutions. In addition, we consider some particular cases and give an example to illustrate our main results.
Preliminaries and lemmas
Our work is carried out based on various definitions and semigroup properties of the Riemann-Liouville fractional calculus. We give some preliminaries and lemmas for convenience of the reader. 
provided that the right-hand side is pointwise defined on (, +∞). 
where n = [α] +  with [α] denoting the integer part of a number α, provided that the right-hand side is pointwise defined on (, +∞).
where c i ∈ R (i = , , . . . , n), and n = [α].
Now consider the following linear fractional differential equation with nonlocal boundary condition:
has the unique solution
On the other hand, it follows from Proposition . that the unique solution of the problem
According to the strategy of [] and [], we have the following lemmas.
, s) and H(t, s) have the following properties: () G α (t, s) and H(t, s) are nonnegative and continuous for
= , where p is given by (.). We consider the associated linear boundary value problem
for r ∈ L  (, ) and r ≥ .
Lemma . The associated linear BVP (.) has the unique positive solution
Consider the boundary value problem
By Lemma . we have
, we get from (.) and (.) that the solution of (.) satisfies
By Lemma . the solution of the BVP (.) can be written as
For convenience of presentation, we list some assumptions to be used throughout the rest of the paper.
(H) A is a function of bounded variation satisfying
is continuous and nondecreasing, and there exists a constant >  such that, for any x ∈ [, +∞),
Remark . By (H), for any ν > , it is easy to get
Remark . There are a large number of functions that satisfy (H). In particular, (H) can cover mixed cases of the superlinear and sublinear cases. Some basic examples of f that satisfy (H) are:
Proof (i) and (ii) are obvious. For (iii) and (iv), obviously, f : [, +∞) → [, +∞) is continuous and nondecreasing, and for any  < μ ≤ , noticing that γ , δ, l > , we have
Let N be the set of all positive integers, R be the set of all real numbers, and R + be the set of all nonnegative real numbers. Let C([, ], R) be the Banach space of all continuous functions from [, ] into R with the norm
and the operator T by
Then each fixed point of the operator T on P is a positive solution of the BVP (.).
Lemma . Assume that (H)-(H) hold. Then T : P → P is continuous, compact, and nondecreasing.
Proof For any x ∈ P, we can find two positive numbers L x > l x ≥  such that
It follows from (H) that T is increasing with respect to x, and thus by (.) we have
which implies that T is well defined and T(P) ⊂ P. Moreover, T is also uniformly bounded for any bounded set of P. In fact, let D ⊂ P be any bounded set. Then there exists a constant
Consequently,
Therefore, T(D) is uniformly bounded.
On the other hand, according to the Arezelà-Ascoli theorem and the Lebesgue dominated convergence theorem, it is easy to get that T : P → P is completely continuous. It follows from (H) that the operator T is nondecreasing. 
Main results

Define the constant
A = b (β -)f () (β)   τ ( -τ ) β- h(τ ) dτ q- . (  .  )
Theorem . Suppose that conditions (H)-(H) hold. If there exists a constant c >  such that
Moreover, for initial values x  = , y  = c + , let {x n } and {y n } be the iterative sequences generated by
from (H) and (.) we have
It follows from T(P[, c]) ⊂ P[, c] that x n ∈ P[, c].
Noticing that T is compact, we get that {x n } is a sequentially compact set.
By induction we get
Consequently, there exists x * ∈ P [, c] such that x n → x * . Letting n → +∞, from the continuity of T and Tx n = x n- we obtain Tx * = x * , which implies that x * is a nonnegative solution of the nonlinear integral equation (.). Since x * ∈ P, there exist constants  ≤ m  < n  such that 
It follows from T(P[, c]) ⊂ P[, c] that
By Lemma ., T is compact, and consequently {y n } is a sequentially compact set. Now, since y  ∈ P[, c], we get
It follows from Lemma . that y  = Ty  ≤ Ty  = y  . By induction we obtain y n+ ≤ y n , n = , , , . . . .
Consequently, there exists y * ∈ P[, c] such that y n → y * . Letting n → +∞, from the continuity of T and Ty n = y n- we have Ty * = y * , which implies that y * is another nonnegative solution of the boundary value problem (.) and y * also satisfies (.) since y * ∈ P.
Now we prove that x * and y * are extremal solutions for a fractional differential equation 
Moreover, there exists a positive constant c such that for initial values x  = , y  = c + , the iterative sequences generated by
converge uniformly to x * and y * for t ∈ [, ], namely,
Proof From (.) we have
which implies that we can find a constant c >  large enough such that
By Theorem . the conclusion of Corollary . holds. 
